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Devwudfw

Wrwdo yduldqfh lv d vwdwlvwlfdo wrro ghyhorshg iru lpsuryhg hvwlpdwhv ri iuhtxhqf| vwdelolw| dw

dyhudjlqj wlphv xs wr kdoi wkh whvw gxudwlrq1 Dv d ghvfulswlyh vwdwlvwlf/ Wrwdo yduldqfh shuirupv

dq h{dfw ghfrpsrvlwlrq ri wkh vdpsoh yduldqfh ri wkh iuhtxhqf| uhvlgxdov lqwr frpsrqhqwv dvvr0

fldwhg zlwk ghvfhqglqj iuhtxhqf| rfwdyhv1 Dv dq hvwlpdwru ri Doodq yduldqfh/ Wrwdo yduldqfh kdv

prghvw eldv dqg kdv juhdwhu ghjuhhv ri iuhhgrp dqg ohvvhu phdq vtxduh huuru wkdq wkh vwdqgdug

hvwlpdwru grhv1

4 Lqwurgxfwlrq dqg frqfoxvlrqv

Doprvw e| gh�qlwlrq/ wkhuh fdq qhyhu eh hqrxjk gdwd zkhq pdnlqj orqj0whup vwdelolw| phdvxuh0

phqwv ri forfnv dqg iuhtxhqf| vwdqgdugv1 Kdylqj froohfwhg gdwd gxulqj d wlph shulrg W / zh kdyh

wr dffhsw d wudghr� ehwzhhq dyhudjlqj wlph � dqg frq�ghqfh lq wkh hvwlpdwh a�+ +�> W , ri Doodq

ghyldwlrq �+ +�,1 Wr lpsuryh wklv wudghr�/ Krzh/ Doodq/ dqg Eduqhv ^4` lqwurgxfhg wkh sudfwlfh

ri lqfrusrudwlqj doo wkh dydlodeoh ryhuodsslqj vdpsohv ri wkh lqfuhphqw ri � 0dyhudjh iuhtxhqf| lqwr

wkh hvwlpdwh1 Ri frxuvh/ iru wkh odujhvw dyhudjlqj wlph � @ W@5 wkhuh lv rqo| rqh vxfk vdpsoh/ wkh

fkdqjh lq dyhudjh iuhtxhqf| iurp wkh �uvw kdoi ri wkh uxq wr wkh vhfrqg1 Wkh uhvxowlqj hvwlpdwh

WMhw Sursxovlrq Oderudwru| +FLW,/ 7;33 Rdn Juryh Gu1/ PV 5<;0433/ Sdvdghqd/ FD <443<1 H0pdlo=

fkduohv1juhhqkdooCmso1qdvd1jry1 Wkh zrun ri wklv dxwkru zdv shuiruphg dw wkh Mhw Sursxovlrq Oderudwru|/ Fdoliruqld

Lqvwlwxwh ri Whfkqrorj|/ xqghu d frqwudfw zlwk wkh Qdwlrqdo Dhurqdxwlfv dqg Vsdfh Dgplqlvwudwlrq1
_Wlph dqg Iuhtxhqf| Glylvlrq/ Qdwlrqdo Lqvwlwxwh ri Vwdqgdugv dqg Whfkqrorj|/ 658 Eurdgzd|/ Erxoghu/ FR

;36361 H0pdlo= gkrzhCqlvw1jry1 Frqwulexwlrq ri wkh X1 V1 Jryhuqphqw qrw vxemhfw wr frs|uljkw1
hDssolhg Sk|vlfv Oderudwru|/ Xqlyhuvlw| ri Zdvklqjwrq/ Vhdwwoh/ ZD/ dqg PdwkVriw/ Lqf1/ Vhdwwoh/ ZD <;4<81 H0

pdlo= gesCdso1zdvklqjwrq1hgx1 Vxssruwhg e| dq RQU DUO Judqw +DSO/ XZ, dqg dq QVI Skdvh LL VELU frqwudfw

+PdwkVriw,1
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a�+ +W@5> W , riwhq dsshduv wr eh xquhdolvwlfdoo| orz1 Dq h{dpsoh fdq eh vhhq lq Ilj1 4/ wkh uhvxowv

ri d whvw uxq ri d sdlu ri k|gurjhq pdvhuv dw MSO*v Iuhtxhqf| Vwdqgdugv Oderudwru|1

Wzr uhdvrqv iru wkh gurrs dw wkh uljkw hqg fdq eh jlyhq1 Iluvw/ li wkh lqfuhphqwv ri wkh

iuhtxhqf| uhvlgxdov duh prghohg dv Jdxvvldq udqgrp yduldeohv zlwk phdq }hur/ lpso|lqj qr ryhudoo

olqhdu iuhtxhqf| guliw/ wkhq a�2
+ +W@5> W , lv sursruwlrqdo wr d fkl0vtxduh udqgrp yduldeoh "2

� zlwk

rqh ghjuhh ri iuhhgrp1 Wkh glvwulexwlrq ri vxfk d udqgrp yduldeoh lv khdylo| vnhzhg wrzdug ydoxhv

orzhu wkdq lwv phdq ydoxh �2
+ +W@5,1 Wklv fdq eh vhhq iurp Ilj1 5/ zklfk vkrzv wkh suredelolw|

ghqvlw| ri wkh udqgrp yduldeoh T @ orj�f ^a�+ +W@5> W , @�+ +W@5,`1 Wkh suredelolw| wkdw T ? 3 lv

319;/ pruh wkdq wzlfh wkh suredelolw| wkdw T A 3/ dqg wkh ohiw wdlo lv pxfk khdylhu wkdq wkh uljkw

wdlo1 Vhfrqg/ wr suhyhqw iuhtxhqf| guliw iurp pdvnlqj wkh orqj0whup  xfwxdwlrqv/ lw lv frpprq

sudfwlfh wr uhpryh dq hvwlpdwh ri ryhudoo olqhdu guliw iurp wkh gdwd> lq wklv fdvh/ a�2
+ +W@5> W , lv

olnho| wr eh uhgxfhg ehfdxvh guliw uhprydo whqgv wr pdwfk wkh hduolhu dqg odwhu iuhtxhqflhv1 Diwhu

guliw uhprydo/ a�2
+ +W@5> W , vwloo kdv rqh ghjuhh ri iuhhgrp/ vr lv vxemhfw wr erwk h�hfwv1

Lq dq h�ruw wr uhgxfh wkhvh h�hfwv rq wkh phdvxuhphqw ri �2
+ +�, iru odujh � / wkh qrwlrq ri Wrwdo

yduldqfh zdv ghyhorshg ryhu wkh odvw ihz |hduv lq d vhtxhqfh ri sdshuv ^5`^6`^7`^8`1 Wkh lqlwldo lghd

lv looxvwudwhg e| Ilj1 6/ zklfk vkrzv vhyhq f|folf vkliwv +prgxor W , ri wkh xsshuprvw sorw/ wkh

iuhtxhqf| vdpsolqj ixqfwlrq iru hvwlpdwhg Doodq yduldqfh dw � @ W@5= wklv whuplqrorj| phdqv wkdw

wkh iuhtxhqf| uhvlgxdov | +w, duh pxowlsolhg e| wklv ixqfwlrq dqg vxpphg/ jlylqj d olqhdu ixqfwlrqdo

zkrvh vtxduh/ zkhq surshuo| vfdohg/ lv a�2
+ +W@5> W ,1 Wklv vdpsolqj ixqfwlrq/ zklfk lv rgg derxw

W@5/ uhmhfwv wkh hyhq sduw ri | +w,1 Li e| fkdqfh ru ghvljq +iurp wkh wzr h�hfwv glvfxvvhg deryh, lw

vkrxog kdsshq wkdw | +w, whqgv wr eh hyhq derxw W@5/ wkhq wkh pdjqlwxgh ri wkh ixqfwlrqdo frxog

eh pxfk vpdoohu wkdq d sudfwlfdo qrwlrq ri wkh vl}h ri wkh orqj0whup iuhtxhqf| yduldwlrqv1 Lq wklv

vlwxdwlrq/ lw pdnhv vhqvh dovr wr dsso| wkh hyhq vdpsolqj ixqfwlrq odehohg e| W@7/ zklfk uhmhfwv wkh

rgg sduw ri | +w,1 Wkh vtxduh urrw ri wkh vxp ri wkh vtxduhv ri wkhvh wzr olqhdu ixqfwlrqdov ri | +w,

fdq eh h{shfwhg wr kdyh ehwwhu surshuwlhv dv d phdvxuh ri orqj0whup vwdelolw| wkdq wkh pdjqlwxgh

ri hlwkhu rqh dorqh grhv1

Kdylqj dgplwwhg rqh W 0f|folf vkliw ri wkh vdpsolqj ixqfwlrq/ zh pljkw dv zhoo dgplw doo wkh

rwkhuv/ hvshfldoo| li zh zdqw wr lpsuryh rq wkh ixoo| ryhuodsshg xqeldvhg hvwlpdwru a�2
+ +�> W , ri Doodq

yduldqfh ^4`/ khqfhiruwk fdoohg wkh vwdqgdug hvwlpdwru/ iru dyhudjlqj wlphv � wkdw duh ohvv wkdq W@51

Wkh vwdqgdug hvwlpdwru lv wkh vfdohg phdq0vtxduh rxwsxw ri wkh olqhdu ixqfwlrqdov jhqhudwhg e| doo

wkh dydlodeoh wlph vkliwv ri wkh �2
+ +�, vdpsolqj ixqfwlrq/ k� +w, @ �4 iru 3 ? w ? � / 4 iru � ? w ? 5� /

wkdw �w ryhu wkh gdwd | +w, > 3 � w � W > vhh +8, ehorz iru d irupxod wkdw dssolhv wr glvfuhwh0wlph
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gdwd1 Wkh lqlwldo yhuvlrq ri Wrwdo yduldqfh iru � lv wkh vfdohg phdq0vtxduh rxwsxw ri wkh olqhdu

ixqfwlrqdov jhqhudwhg e| doo wkh srvvleoh W 0f|folf vkliwv ri k� +w,1 +Iru � @ W@5/ kdoi wkh vdpsolqj

ixqfwlrqv duh uhgxqgdqw ehfdxvh wkh| duh wkh qhjdwlyhv ri wkh rwkhu kdoi1,

Wklv yhuvlrq ri Wrwdo yduldqfh hqmr|hg vrph vxffhvv dv dq hvwlpdwru ri Doodq yduldqfh zlwk

uhgxfhg yduldelolw| dqg vhqvlwlylw| wr guliw uhprydo ^5`^6`/ dowkrxjk lw vhhphg wr kdyh d sureohp ri

lqfuhdvhg yduldelolw| iru gdwd grplqdwhg e| udqgrp zdon IP1 Wkh vdph hvwlpdwru fdq eh rewdlqhg

e| �{lqj wkh vdpsolqj ixqfwlrq k� +w, dqg vkliwlqj wkh gdwd f|folfdoo| prgxor W / ru/ zkdw lv wkh

vdph/ e| dsso|lqj k� +w, dv d olqhdu wlph0lqyduldqw �owhu wr dq lqsxw rewdlqhg e| h{whqglqj wkh

ruljlqdo gdwd | +w, shulrglfdoo| zlwk shulrg W 1 Li | +w, > 3 � w � W / lv ylhzhg dv d �qlwh slhfh ri

dq hujrglf surfhvv/ wkhq lwv W 0shulrglf h{whqvlrq fdq vrphwlphv eh uhjdughg dv d vxevwlwxwh iru

odfn ri nqrzohgjh ri wkh gdwd rxwvlgh ^3> W ` ^9`1 Rq wkh rwkhu kdqg/ d slhfh ri d udqgrp zdon/ li

frqwlqxhg shulrglfdoo|/ kdv d odujh udqgrp glvfrqwlqxlw| dw wkh gdwd lqwhuidfhv 3 dqg W / xqw|slfdo

ri wkh surfhvv dv d zkroh> lwv h�hfw rq wkh k� +w, ixqfwlrqdov fdqqrw eh qhjohfwhg/ hyhq iru vpdoo

� 1 Wklv sureohp ri plvpdwfkhg hqgsrlqwv zdv vroyhg e| wkh whfkqltxh ri uh hfwlqj wkh gdwd derxw

erwk hqgsrlqwv/ uhvxowlqj lq d yluwxdo gdwdvhw |r +w, wkdw fdq eh h{whqghg wr d 5W 0shulrglf vhtxhqfh

frqvlvwlqj ri dowhuqdwlqj iruzdug dqg edfnzdug frslhv ri | +w,1 Wkh orzhu sorw ri Ilj1 7 vkrzv d

sruwlrq ri |r +w, derxw 6 wlphv dv orqj dv wkh ruljlqdo | +w, lq wkh plggoh vhfwlrq1 Wkh fxuuhqw

yhuvlrq ri Wrwdo yduldqfh lv gh�qhg dv wkh vfdohg phdq0vtxduh rxwsxw ri wkh k� +w, �owhuv dfwlqj rq

wklv qhz vhtxhqfh1

Wkh lqwhqw ri wkh suhvhqw sdshu lv wr jlyh d suhflvh gh�qlwlrq ri Wrwdo yduldqfh dqg dq dffrxqw

ri vrph ri lwv surshuwlhv1 Zh deeuhyldwh Wrwdo yduldqfh iru � dqg W dv Wrwydu +�> W , ru Wrwydu +�,

+surqrxqfhg w�rw�0yçu,1 Wkh vtxduh urrw ri Wrwdo yduldqfh lv fdoohg Wrwdo ghyldwlrq +Wrwghy,1 Wkh

uhvxowv jlyhq khuh idoo lqwr wzr fodvvhv1

Wrwdo yduldqfh dv d ghvfulswlyh vwdwlvwlf1 Erwk Wrwydu +�> W , dqg a�2
+ +�> W , duh vwdwlvwlfv/ wkdw

lv/ wkh| duh ixqfwlrqv rqo| ri wkh gdwd dw kdqg1 E| d ghvfulswlyh vwdwlvwlf zh phdq d vwdwlvwlf wkdw

kdv vrphwklqj ydoxdeoh wr vd| derxw wkhvh gdwd/ uhjdugohvv ri dq| vwrfkdvwlf prgho wkdw pljkw eh

�wwhg ru dq| dvvxpswlrqv derxw krz wkh gdwd pljkw kdyh hyroyhg rxwvlgh wkh lqwhuydo ri revhuydwlrq1

Vlpsoh h{dpsohv duh vdpsoh phdq dqg vdpsoh yduldqfh1 Lq Vhfwlrq 6 zh vkrz wkdw Wrwdo yduldqfh

fdq eh xvhg wr fduu| rxw dq dqdo|vlv ri yduldqfh/ dq h{dfw ghfrpsrvlwlrq ri wkh vdpsoh yduldqfh v2+

ri wkh iuhtxhqf| uhvlgxdov |? @ | +q�f,/ zkhuh �f lv wkh vdpsoh shulrg1 Lq sduwlfxodu/ Wrwydu
�
5��f

�

+zkhq uhvfdohg, fdq eh uhjdughg dv wkh sruwlrq ri v2+ wr eh dvvrfldwhg zlwk wkh rfwdyh iuhtxhqf|

edqg 53�32@�f ? � ? 53�3�@�f1 Wkxv/ diwhu hydoxdwlqj Wrwydu +�, iru � @ �f> 5�f> = = = > 5��f/ rqh fdq
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whoo krz pxfk ri wkh vdpsoh yduldqfh lv |hw xqdffrxqwhg iru/ dqg dvvrfldwh wkh orz0iuhtxhqf| edqg

3 ? � ? 53�32@�f zlwk wkh uhpdlqghu1 Dqdo|vlv ri vdpsoh yduldqfh lv d fhqwudo wkhph lq vwdwlvwlfv>

dq h{dfw ghfrpsrvlwlrq lv kljko| ghvludeoh ehfdxvh lw dffrxqwv iru doo wkh revhuyhg yduldqfh lq wkh

gdwd1 Wkh shulrgrjudp grhv vxfk/ dv gr prvw vshfwuxp hvwlpdwruv dqg rwkhu ghfrpsrvlwlrqv/ exw

wkh vwdqgdug hvwlpdwru a�2
+ +�> W , ri Doodq yduldqfh grhv qrw ^:`1

Wrwdo yduldqfh dv dq hvwlpdwru ri Doodq yduldqfh1 Suhvhqwhg ehorz duh uhvxowv iru wkh

phdq dqg yduldqfh ri Wrwydu +�> W , lq wkh suhvhqfh ri wkuhh srzhu0odz IP qrlvhv= zklwh IP/  lfnhu

IP/ dqg udqgrp zdon IP1 Iru zklwh IP zh �qg wkdw Wrwydu +�> W , lv dq xqeldvhg hvwlpdwru ri

�2
+ +�, iru 3 ? � � W 1 Wkh eldv ri Wrwydu +�> W , dw � @ W@5 lv �57( iru  lfnhu IP dqg �6:=8( iru

udqgrp zdon IP/ dqg kdv wkh vlpsoh irup d�@W iru 3 ? � � W@51 +Wkhvh eldvhv dsso| wr �2/ qrw

�1, Wkh htxlydohqw ghjuhhv ri iuhhgrp +hgi> vhh +55, ehorz, ri Wrwydu +�> W , lv dozd|v juhdwhu wkdq

wkdw ri a�2
+ +�> W ,> iru � @ W@5 lq sduwlfxodu/ wkh hgi ri Wrwdo yduldqfh lv 6 iru zklwh IP/ 514 iru  lfnhu

IP/ dqg 418 iru udqgrp zdon IP/ zkloh wkh hgi ri wkh vwdqgdug hvwlpdwru lv 41 Pruhryhu/ wkh hgi

ri Wrwydu +�> W ,/ 3 ? � � W@5/ fdq eh zhoo dssur{lpdwhg e| �uvw0ghjuhh sro|qrpldov lq W@� iru

hdfk qrlvh w|sh1 Wkh phdq vtxduh huuru ri Wrwydu +�> W , lv ohvv wkdq wkdw ri a�2
+ +�> W ,/ hyhq wkrxjk

wkh iruphu lv eldvhg dqg wkh odwwhu lv qrw1 Frq�ghqfh lqwhuydov iru �2
+ +�, edvhg rq d fkl0vtxduh

dvvxpswlrq iru Wrwydu +�> W , fdq hdvlo| eh frqvwuxfwhg> wkhvh zloo eh wljkwhu wkdq wkrvh edvhg rq

a�2
+ +�> W ,/ dqg wkhuh lv hylghqfh wkdw vxfk frq�ghqfh lqwhuydov duh frqvhuydwlyh1

Lq vxppdu|/ Wrwdo yduldqfh lv suhvhqwhg dv d wrro iru vtxhh}lqj d prghvw dprxqw ri h{wud

lqirupdwlrq derxw orqj0whup vwdelolw| iurp d gdwdvhw ri forfn uhvlgxdov/ lqirupdwlrq wkdw lv riwhq

revfxuhg e| wkh vwdqgdug Doodq yduldqfh hvwlpdwru iru � dw ru qhdu W@51 Dqdo|}lqj iuhtxhqf|

vwdelolw| dffxudwho| lq orqj whup kdv ehhq sureohpdwlf hyhq iru h{shulhqfhg xvhuv1 Wkh surshuwlhv

ri Wrwdo yduldqfh suhvhqwhg khuh vxjjhvw wkdw lw xvhv wkh dydlodeoh gdwd pruh h!flhqwo| wkdq wkh

vwdqgdug hvwlpdwru iru orqj0whup fkdudfwhul}dwlrqv1 Frq�ghqw ri wkhvh surshuwlhv/ wkh dxwkruv

h{shfw wr vhh zlghu xvdjh ri wklv wrro1

5 Gh�qlwlrq ri Wrwdo yduldqfh

Wkh sxusrvh ri wklv vhfwlrq lv wr jlyh d suhflvh gh�qlwlrq ri Wrwydu +�> W , iru dq Q%0srlqw wlph0

uhvlgxdo uhfrug zlwk vdpsoh shulrg �f1 Lq wkh iroorzlqj ghvfulswlrq/ wkh lqglfhv p/ q/ dqg Q% duh

uhodwhg wr wlph e| � @ p�f/ w @ wf . q�f/ dqg W @ +Q% � 4, �f/ zkhuh wf lv wkh wlph ruljlq dqg

zlwkrxw orvv pd| eh pdgh htxdo wr 31
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Zh vwduw zlwk wlph0uhvlgxdo gdwd {�> = = = > {�% / zlwk qrupdol}hg iuhtxhqf| uhvlgxdov |? @ +{?n� � {?, @�f/

4 � q � Q+ @ Q% � 41 H{whqg wkh vhtxhqfh |? wr d qhz/ orqjhu yluwxdo vhtxhqfh |r? e| uh hfwlrq

dv iroorzv= iru 4 � q � Q+ ohw |
r
? @ |?> iru 4 � m � Q+ � 4 ohw

|r�3� @ |�> |r�+n� @ |�+n�3� = +4,

Dq htxlydohqw rshudwlrq fdq eh shuiruphg rq wkh ruljlqdo wlph0uhvlgxdo vhtxhqfh {? wr surgxfh dq

h{whqghg yluwxdo vhtxhqfh {r? dv iroorzv= iru 4 � q � Q% ohw {r? @ {?> iru 4 � m � Q% � 5 ohw

{r�3� @ 5{� � {�n�> {r�%n� @ 5{�% � {�%3� = +5,

Wklv rshudwlrq/ looxvwudwhg lq Ilj1 7 e| wkh uhfrug xvhg iru Ilj1 4/ lv fdoohg h{whqvlrq e| uh hfwlrq

derxw erwk hqgsrlqwv1 Wkh uhvxow ri wklv h{whqvlrq lv d yluwxdo gdwd vhtxhqfh {r? / 6 �Q% � q �

5Q% � 5/ kdylqj ohqjwk 6Q% � 7 dqg vdwlvi|lqj |r? @
�
{r?n� � {r?

�
@�f/ 6�Q% � q � 5Q% � 61

Zh qrz gh�qh

Wrwydu +p>Q%> �f, @
4

5 +p�f,
2 +Q% � 5,

�%3�[
?'2

�
{r?36 � 5{r? . {r?n6

�2
> +6,

iru 4 � p � Q% � 41 Qrwh wkdw � lv doorzhg wr jr wr +Q% � 4, �f lqvwhdg ri wkh xvxdo olplw ri

e+Q% � 4, @5f �f1 Wrwdo yduldqfh fdq dovr eh uhsuhvhqwhg lq whupv ri h{whqghg iudfwlrqdo iuhtxhqf|

uhvlgxdo dyhudjhv e|

Wrwydu +p>Q+ . 4> �f, @
4

5 +Q+ � 4,

�+[
?'2

k
�|r? +p,� �|r?36 +p,

l2
> +7,

zkhuh �|r? +p, @
�
{r?n6 � {r?

�
@ +p�f,1

Wkh qrwdwlrqvWrwydu +�> W , dqg Wrwydu +�, duh wr eh uhjdughg dv deeuhyldwlrqv iruWrwydu +p>Q%> �f,1

514 Uhpdunv

� Iru frpsdulvrq/ wkh vwdqgdug Doodq yduldqfh hvwlpdwru/ zklfk zh kdyh ehhq deeuhyldwlqj dv

a�2
+ +�> W ,/ lv dfwxdoo| jlyhq e|

a�2
+ +p>Q%> �f, @

4

5 +Q% � 5p,

�%326[
?'�

^�|?n6 +p,� �|? +p,`2 > +8,

zkhuh 4 � p ? Q%@5/ �|? +p, @ +{?n6 � {?, @ +p�f,1

� Wrwdo yduldqfh/ olnh Doodq yduldqfh dqg lwv frqyhqwlrqdo hvwlpdwruv/ lv lqyduldqw wr dq ryhudoo

vkliw lq skdvh dqg iuhtxhqf|> wkdw lv/ li d �uvw0ghjuhh sro|qrpldo ff . f�q lv dgghg wr wkh

ruljlqdo gdwdvhw {?/ wkhq Wrwdo yduldqfh grhv qrw fkdqjh1
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� Lw lv srvvleoh wr surjudp Wrwdo yduldqfh zlwkrxw fuhdwlqj dq h{whqghg gdwd duud| lq phpru|

^8/ Ht1 +<,`1

� Wr vlpsoli| wkh vfdolqj ri Wrwdo yduldqfh uhodwlyh wr wkh ghfrpsrvlwlrq ri vdpsoh yduldqfh wkdw

lw jhqhudwhv +vhh +4:,�+4<, ehorz,/ rqh pljkw zlvk wr xvh Q% � 4 lq sodfh ri wkh ghqrplqdwru

Q% � 5 lq +6,/ dqg Q+ lq sodfh ri wkh ghqrplqdwru Q+ � 4 lq +7,1

� Lq Vhfwlrq 616/ wkh gh�qlwlrq ri Wrwdo yduldqfh lv h{whqghg wr duelwudulo| odujh p1

6 Dqdo|vlv ri yduldqfhv

614 Pxowluhvroxwlrq vfkhph

Wkh yduldqfh ghfrpsrvlwlrq surshuwlhv ri Doodq yduldqfh dqg Wrwdo yduldqfh fdq eh ghulyhg iurp

dq ryhuodsshg Kddu zdyhohw wudqvirup ^;`1 Wkh vfkhph frqvlvwv ri d odgghu ri olqhdu wlph0lqyduldqw

�owhuv +Ilj1 8,/ zklfk/ dfwlqj rq dq lqsxw vhtxhqfh |? zlwk vdpsoh shulrg �f/ ghfrpsrvhv wkh

ruljlqdo iuhtxhqf| udqjh 3 ? � ? 53�@�f lqwr vxffhvvlyho| orzhu rfwdyh edqgv> hdfk vwdjh ohdyhv

d vprrwkhg yhuvlrq ri wkh lqsxw iru ixuwkhu dqdo|vlv1 Wkh odgghu lv exlow iurp wzr vlpsoh �owhuv=

d orzsdvv �owhu Jf zlwk lpsxovh uhvsrqvh ^jf> j�` @
�
2 ^4> 4`/ dqg d kljksdvv �owhu Kf zlwk lpsxovh

uhvsrqvh ^kf> k�` @
�
2 ^4>�4`1 Wkh fruuhvsrqglqj wudqvihu ixqfwlrqv/

Jf +�, @ h3�ZD�f frv +���f, > Kf +�, @ lh3�ZD�f vlq +���f, >

vdwlvi|

mJf +�,m
2 . mKf +�,m

2 @ 4= +9,

Ohw I eh d �owhu zlwk lpsxovh uhvsrqvh i? dqg wudqvihu ixqfwlrq I +�,1 Iru dq| srvlwlyh lqwhjhu

u/ gh�qh wkh u0xsvdpsohg yhuvlrq ri I wr kdyh dq lpsxovh uhvsrqvh i
Eo�
� vxfk wkdw i

Eo�
?o @ i? iru doo

q/ dqg i
Eo�
� @ 3 rwkhuzlvh> lq rwkhu zrugv/ u � 4 }hurv duh lqvhuwhg ehwzhhq vxffhvvlyh whupv1 Wkh

wudqvihu ixqfwlrq ri wkh xsvdpsohg �owhu lv I +u�,1

Iru m @ 4> 5> = = = ohw J� dqg K� eh wkh 5�0xsvdpsohg yhuvlrqv ri Jf dqg Kf1 Wkhvh �owhuv

duh dssolhg wr |? dffruglqj wr wkh vfkhph vkrzq lq Ilj1 81 Lwv mwk vwdjh kdv rxwsxw vhtxhqfhv

y�c? @ D�|? dqg z�c? @ E�|?/ zkhuh Df @ Jf/ Ef @ Kf/ dqg

D� @ J�J�3� � � �Jf> E� @ K�J�3� � � �Jf @ K�D�3� +:,

9



iru m � 41 Rqh fdq vkrz e| lqgxfwlrq wkdw D� lv d prylqj0dyhudjh �owhu zlwk lpsxovh uhvsrqvh

53�3� ^4> = = = > 4` +5�n� rqhv,/ d orzsdvv �owhu zlwk edqgzlgwk 53�32@�f1 Wkhq/ e| +:,/ E� kdv

lpsxovh uhvsrqvh 53�3� ^4> = = = > 4>�4> = = = >�4` +5� rqhv/ wkhq 5� plqxv0rqhv,/ zklfk lv 53�*2 wlphv

wkh �owhu dvvrfldwhg zlwk �2
+

�
5��f

�
1 Wklv �owhu lv dq dssur{lpdwh edqgsdvv �owhu iru wkh rfwdyh

edqg 53�32@�f ? � ? 53�3�@�f ^<`1 Wkh vtxduhg iuhtxhqf| uhvsrqvhv ri D� dqg E� duh jlyhq e|

mD� +�,m
2 @

vlq2
�
5�n����f

�

7�n� vlq2 +���f,
> mE� +�,m

2 @
vlqe

�
5����f

�

7� vlq2 +���f,
=

Dv zh kdyh vhhq/ wkh dssur{lpdwh sdvvedqgv ri wkh �owhuv Ef> = = = > Ea > Da irup d sduwlwlrq ri

wkh ruljlqdo iuhtxhqf| grpdlq 3 ? � ? 53�@�f1 Wkh yduldqfh ghfrpsrvlwlrqv glvfxvvhg ehorz iroorz

iurp d suhflvh frxqwhusduw ri wklv vwdwhphqw iru wkh vtxduhg iuhtxhqf| uhvsrqvhv/ zklfk vdwlvi| wkh

iuhtxhqf|0grpdlq ghfrpsrvlwlrq

mDa +�,m
2 .

a[
�'f

mE� +�,m
2 @ 4= +;,

Wklv htxdwlrq fdq eh suryhg e| lqgxfwlrq rq M iurp +9, dqg +:, +ru iurp wkh lghqwlw| vlqe { @

vlq2 {� �
e vlq

2 5{,1 Li ��f lv qrw dq lqwhjhu/ wkhq mDa +�,m
2 $ 3 dv M $ 4/ dqg lw iroorzv iurp +;,

wkdw
"[
�'f

mE� +�,m
2 @ 4> +<,

mDa +�,m
2 @

"[
�'an�

mE� +�,m
2 = +43,

Ht1 +<, vd|v wkdw wkh vtxduhg iuhtxhqf| uhvsrqvhv dvvrfldwhg zlwk Doodq yduldqfh iru � @ 5��f vxp

wr 5/ h{fhsw dw }hur iuhtxhqf| dqg lwv doldvhv1

615 Hqvhpeoh yduldqfh

Ehiruh ghulylqj wkh vdpsoh yduldqfh ghfrpsrvlwlrq surshuw| ri Wrwdo yduldqfh/ lw lv xvhixo wr vhh

krz wkh dqdorjrxv surshuw| ri Doodq yduldqfh iroorzv iurp wkh iuhtxhqf|0grpdlq ghfrpsrvlwlrqv1

Ohw |? eh d vwdwlrqdu| udqgrp surfhvv zlwk yduldqfh �2
+ dqg rqh0vlghg vshfwudo ghqvlw| V+ +�,1

Pxowlso|lqj +;,�+43, e| V+ +�, dqg lqwhjudwlqj ryhu 3 ? � ? 53�@�f/ zh rewdlq

�2
+ @ �2

�a
.

4

5

a[
�'f

�2
+

�
5��f

�
@

4

5

"[
�'f

�2
+

�
5��f

�
> +44,

�2
�a @

4

5

"[
�'an�

�2
+

�
5��f

�
= +45,

:



Li |? kdv vwdwlrqdu| �uvw lqfuhphqwv exw lv qrw vwdwlrqdu|/ olnh  lfnhu IP dqg udqgrp0zdon IP/

wkhq z�c? lv vwdwlrqdu|/ y�c? lv qrw vwdwlrqdu|/ dqg wkh iuhtxhqf|0grpdlq lqwhjudov jlylqj �2
+ dqg �2

�a

duh lq�qlwh/ dv duh wkh lq�qlwh vhulhv lq +44, dqg +45,1

616 Vdpsoh yduldqfh

Iurp wkh udqgrp0surfhvv vhwwlqj zh uhwxuq wr wkh frqvlghudwlrq ri d �qlwh gdwd vhtxhqfh |�> = = = > |�

zlwk vdpsoh shulrg �f1 Ehiruh lqyrnlqj wkh h{whqvlrq surfhgxuh ri Wrwdo yduldqfh/ ohw xv frqvlghu

whpsrudulo| d vlpsohu shulrglf h{whqvlrq zlwk shulrg Q / wkdw lv/ zh djuhh wkdw |?n� @ |? iru doo

lqwhjhuv q1 Wkh vdpsoh phdq p+ dqg vdpsoh yduldqfh v2+ ri |? duh frqyhqlhqwo| h{suhvvhg lq whupv

ri lwv glvfuhwh Irxulhu wudqvirup +GIW,/ jlyhq e|

\& @
�[

?'�

|?h
3�2Z&?*� >

dqg dovr lqglfdwhg e| wkh qrwdwlrq |? #$ \&1 Zh kdyh p+ @ \f@Q / dqg

v2+ @
4

Q

�[
?'�

|2? �p2
+ @

4

Q2

�3�[
&'�

m\&m
2 +46,

e| Sduvhydo*v wkhruhp lq wkh GIW vhwwlqj1

Ohw I eh d �owhu zlwk �qlwh lpsxovh uhvsrqvh i? dqg wudqvihu ixqfwlrq I +�,1 Gh�qh i? +Q,

wr eh wkh vxp ri i� ryhu doo m vxfk wkdw prg+m>Q, @ q1 Vrph idfwv derxw wkh shulrglf vhtxhqfh

i? +Q, pxvw qrz eh vhw grzq1 Iluvw/ li |? lv Q0shulrglf/ wkhq vr lv I|?/ dqg zh kdyh

I|? @
�[
�'�

i� +Q, |?3�>

zklfk h{suhvvhv d flufxodu frqyroxwlrq> wkh vxppdwlrq fdq eh wdnhq ryhu dq| shulrg1 Vhfrqg/

i? +Q, #$ I +�&,/ zkhuh �& @ n@ +Q�f,1 Wkhuhiruh/ I|? #$ I +�&,\&1

Ohw wkh lqsxw wr rxu pxowluhvroxwlrq vfkhph eh dq Q0shulrglf vhtxhqfh |?1 Wkhq doo wkh rxwsxw

vhtxhqfhv duh shulrglf/ dqg iurp wkh suhylrxv uhpdunv lw iroorzv wkdw y�c? #$ D� +�&,\&/ z�c? #$

E� +�&,\&/ dqg

v2�� @
4

Q2

�3�[
&'�

mD� +�&,m
2 m\&m

2 > v2��
@

4

Q2

�3�[
&'�

mE� +�&,m
2 m\&m

2 = +47,

Frpelqlqj +47, dqg +46, zlwk wkh iuhtxhqf|0grpdlq sduwlwlrqv +;,�+43, |lhogv wkh dqdorjv ri +44,�

;



+45, iru vdpsoh yduldqfhv=

v2+ @ v2�a .
a[

�'f

v2��
@

"[
�'f

v2��
> +48,

v2�a @
"[

�'an�

v2��
= +49,

Revhuyh dovr wkdw p�� @ p+/ p��
@ 3 ehfdxvh D� +3, @ 4/ E� +3, @ 31

Uhwxuqlqj wr wkh Wrwdo yduldqfh vhwwlqj ri Vhfwlrq 5/ zh vhw Q @ 5Q+ dqg uhsodfh ^|�> = = = > |� `

e| |r @
�
|�> = = = > |�+

> |�+
> = = = > |�

�
/ zklfk/ li h{whqghg wr d vhtxhqfh zlwk shulrg 5Q+/ djuhhv zlwk

wkh gh�qlwlrq jlyhq lq Vhfwlrq 51 Ehfdxvh ri wkh v|pphwu| ri wkh |r? derxw wkhlu plgsrlqw dqg

wkh v|pphwu| ri wkh �owhuv D� dqg E�/ wkh whupv lq wkh ydulrxv vxpv ri vtxduhv rffxu lq sdluv1

Dv d uhvxow/ v2
+r

@ v2+ +wkh vdpsoh yduldqfh ri
�
|�> = = = > |�+

�
,/ v2�� lv wkh vdpsoh yduldqfh ri wkh

5�n�0prylqj dyhudjh ri |r? / dqg

v2��
@

Q+ � 4

5Q+
Wrwydu

�
5��f

�
= +4:,

Wkh h{suhvvlrq +7, lv frqwulyhg vr wkdw rqo| Q+ � 4 glvwlqfw qrq}hur whupv duh xvhg1 Dowkrxjk

Wrwydu zdv suhylrxvo| gh�qhg rqo| iru p ? Q+/ +7, uhwdlqv phdqlqj iru doo p li |r? lv h{whqghg

shulrglfdoo| dv idu dv qhhghg1

Wr vlpsoli| wkh htxdwlrqv ri dqdo|vlv ri yduldqfh lqyroylqj Wrwydu/ lw lv frqyhqlhqw wr gh�qh d

�Uhpdlqghu yduldqfh/� Uhpydu +p�f,/ dv 5Q+ +Q+ � 4,3� wlphv wkh vdpsoh yduldqfh ri 5Q+ vxffhv0

vlyh ydoxhv ri wkh prylqj p0dyhudjhv ri wkh 5Q+0shulrglf vhtxhqfh |
r
? 1 Wkhq

v2+ @
Q+ � 4

5Q+
Uhpydu +�f, > +4;,

v2�� @
Q+ � 4

5Q+
Uhpydu

�
5�n��f

�
= +4<,

Wkh vtxduh urrw ri Uhpdlqghu yduldqfh lv fdoohg Uhpdlqghu ghyldwlrq +Uhpghy,1

Lq wklv vhwwlqj/ wkh yduldqfh ghfrpsrvlwlrqv +48,�+49, ehfrph

Uhpydu +�f, @ Uhpydu
�
5an��f

�
.

a[
�'f

Wrwydu
�
5��f

�
> +53,

Uhpydu
�
5a�f

�
@

"[
�'a

Wrwydu
�
5��f

�
> +54,

iru M � 31 Lq rwkhu zrugv/ wkh uhvfdohg vdpsoh yduldqfh ri |? lv wkh vxp ri doo wkh Wrwydu
�
5��f

�
/

dqg Uhpydu
�
5an��f

�
lqglfdwhv krz pxfk ri wkh vdpsoh yduldqfh kdv qrw |hw ehhq dffrxqwhg iru

e| Wrwydu
�
5��f

�
/ m � M 1

<



61614 Uhpdunv

� Wrwdo yduldqfh lv wkh �uvw �prghuq� hvwlpdwru ri Doodq yduldqfh wr plplf lwv hqvhpeoh yduldqfh

ghfrpsrvlwlrq surshuwlhv +44,�+45,> pruhryhu/ wkh vdpsoh yduldqfh ghfrpsrvlwlrqv +53,�+54,

dsso| wr dq| �qlwh gdwdvhw1

� Ehfdxvh kljkhu rughu Gdxehfklhv zdyhohw �owhuv ^43` dovr vdwlvi| +9,/ wkh deryh ghyhorsphqw

h{whqgv hdvlo| wr kljkhu rughu zdyhohw yduldqfhv +Doodq yduldqfh lv hvvhqwldoo| wzlfh wkh Kddu

zdyhohw yduldqfh,1 Wkhvh kljkhu rughu zdyhohw yduldqfhv duh vxlwdeoh vxevwlwxwhv iru vrph

ri wkh yduldwlrqv rq Doodq yduldqfh wkdw kdyh ehhq sursrvhg dqg vwxglhg lq wkh olwhudwxuh

+prgl�hg Doodq yduldqfh/ iru h{dpsoh,1 Iru ghwdlov/ vhh ^44`1

� Dv phqwlrqhg deryh/ zh fdq frpsxwh Wrwydu +�> W , iru duelwudulo| odujh � zlwkrxw wdnlqj

pruh gdwd/ exw Wrwydu +�> W , iru � A W rxjkw qrw wr eh uhjdughg dv dq hvwlpdwru ri �2
+ +�,1 Lq

sduwlfxodu/ li Q+ @ 5g wkhq Uhpydu
�
5��f

�
dqg Wrwydu

�
5��f

�
ydqlvk iru m � N . 41

� Vhh ^:` iru d glvfxvvlrq ri dqdo|vlv ri vdpsoh yduldqfh e| wkh qrq0ryhuodsshg hvwlpdwru ri

Doodq yduldqfh1

61615 H{dpsoh

Ilj1 4 vkrzv a�+ +�> W ,/ Wrwghy+�> W ,/ dqg Uhpghy+�> W , iru wkh k|gurjhq0pdvhu uhfrug vkrzq lq

Ilj1 7/ zlwk sdudphwhuv Q% @ 4:5:/ �f @ 4357=4 v/ W @ 4=:: � 43S v1 Wkh dyhudjlqj wlphv lqfoxgh

5��f> 3 � m � 44/ dqg dovr lqfoxgh W@5 @ ;=;7 � 43D v1 Uhodwlyh iuhtxhqf| guliw/ �4=;4 � 433�D

shu gd|/ zdv hvwlpdwhg iurp wkh gdwd e| wkh �70srlqw z% phwkrg ^45` dqg uhpryhg1 Dv d uhvxow/

a�+ +W@5> W , ehfrphv vhyhuho| ghsuhvvhg/ d frpprq frqvhtxhqfh ri guliw uhprydo1 +Lw zrxog kdyh

ehhq lghqwlfdoo| }hur li wkh �60srlqw {� guliw hvwlpdwh ^46` kdg ehhq xvhg1, Rq wkh rwkhu kdqg/

Wrwghy+�, vkrzv qr ghsuhvvlrq xqwlo � h{fhhgv W@51 Wkh  dwqhvv ri Uhpghy dw wkh orzhu � phdqv

wkdw wkh �uvw vhyhudo ydoxhv ri Wrwydu gr qrw frqwulexwh pxfk wr wkh vdpsoh yduldqfh ri wkh iuhtxhqf|

uhfrug +hvvhqwldoo| �
2 Uhpydu +�f,,1 Dw � @ 5�f�f/ Uhpghy dqg Wrwghy duh doprvw htxdo/ zklfk

lqglfdwhv wkdw Uhpydu
�
5�f�f

�
lv wkh odvw vljql�fdqw frpsrqhqw ri wkh vdpsoh yduldqfh1

Wkh huuru eduv/ zklfk duh frq�ghqfh lqwhuydov iru �+ +�, edvhg xsrq Wrwghy+�> W ,/ duh glvfxvvhg

ehorz1

43



7 Wrwydu dv Doodq yduldqfh hvwlpdwru

Dowkrxjk Wrwdo yduldqfh fdq vwdqg rq lwv rzq dv d ghvfulswlyh vwdwlvwlf wkdw shuirupv dq dqdo|vlv

ri yduldqfh rq d gdwdvhw/ lwv xvhixoqhvv iru wlph dqg iuhtxhqf| phdvxuhphqw lv edvhg pdlqo| rq

lwv vwdwlvwlfdo surshuwlhv dv dq hvwlpdwru ri Doodq yduldqfh xqghu dvvxpswlrqv derxw wkh xqghuo|lqj

udqgrp qrlvh surfhvvhv1 Ehfdxvh zh duh lqwhuhvwhg prvwo| lq orqj0whup iuhtxhqf| vwdelolw| vwdwlvwlfv/

dqg iru pdwkhpdwlfdo frqyhqlhqfh/ zh wuhdw rqo| wkh srzhu0odz IP qrlvh surfhvvhv wkdw duh olnho|

wr grplqdwh orqj0whup phdvxuhphqwv= zklwh IP/  lfnhu IP/ dqg udqgrp zdon IP +ZKIP/

IOIP/ UZIP,1 Zlwk wkhvh dvvxpswlrqv/ wkh surshuwlhv ri Wrwydu +p>Q+ . 4> �f, ghshqg pdlqo|

rq wkh udwlr p@Q+ @ �@W iru odujh p dqg Q+> lw lv frqyhqlhqw/ wkhq/ wr dssur{lpdwh Wrwydu +�> W ,

e| d frqwlqxrxv0wlph dqdorj lq zklfk vxpv lqyroylqj {? duh uhsodfhg e| lqwhjudov lqyroylqj { +w,/

prghohg e| d srzhu0odz surfhvv zlwk vshfwudo ghqvlw| sursruwlrqdo wr �k32 iru 3 ? � ? 4 +qr

kljk0iuhtxhqf| fxwr�, dqg � @ 3/ �4/ �5 ^8`1 Wkh wkhruhwlfdo frpsxwdwlrqv dovr dvvxph wkdw wkhuh

lv qr xqghuo|lqj olqhdu iuhtxhqf| guliw/ l1h1/ wkdw wkh vhfrqg lqfuhphqwv ri { kdyh phdq }hur/ dqg

wkdw wkhvh lqfuhphqwv duh Jdxvvldq1

714 Phdq dqg yduldqfh

Dowkrxjk Wrwdo yduldqfh lv prvw frqyhqlhqwo| h{suhvvhg dv d ixqfwlrq ri wkh h{whqghg uhfrug {r? ru

|r? / hdfk whup ri +6, fdq dovr eh h{suhvvhg dv wkh vtxduh ri d olqhdu ixqfwlrqdo ri wkh ruljlqdo gdwd

vhtxhqfh {? ru |?1 Wkhvh ixqfwlrqdov/ wkrxjk frpsolfdwhg e| wkh irogryhu lpsolflw lq wkh h{whqvlrq

e| uh hfwlrq/ duh vwloo vhfrqg0rughu ixqfwlrqdov ri wkh {?/ wkdw lv/ wkh| duh lqyduldqw wr wlph dqg

iuhtxhqf| vkliwv1 +Vhh ^8` iru irupxodv dqg looxvwudwlrqv ri wkh vdpsolqj ixqfwlrqv1, Wkhuhiruh/ lw

lv srvvleoh wr frpsxwh wkh phdq dqg yduldqfh ri wkh txdgudwlf ixqfwlrqdo wkdw frqvwlwxwhv Wrwydu

lq wkh suhvhqfh ri skdvh qrlvh zlwk vwdwlrqdu|/ phdq0}hur/ Jdxvvldq vhfrqg lqfuhphqwv1 Wkhvh

frpsxwdwlrqv zhuh shuiruphg e| pdqlsxodwlrqv rq wkh jhqhudol}hg dxwrfryduldqfhv ri wkh wkuhh

IP qrlvh surfhvvhv ^47`1

Wkh phdq H ^Wrwydu +�> W ,` lv frpsduhg wr �2
+ +�,> wkh yduldqfh lv prvw frqyhqlhqwo| frppxql0

fdwhg wkurxjk wkh htxlydohqw ghjuhhv ri iuhhgrp +hgi,/ gh�qhg iru d udqgrp yduldeoh Y e|

hgi +Y , @
5 +HY ,2

ydu +Y ,
= +55,

44



Wkh uhvxowv fdq eh h{suhvvhg e| wkh irupxodv

u =@
H ^Wrwydu +�> W ,`

�2
+ +�,

@ 4� d
�

W
> 3 ? � �

W

5
> +56,

� =@ hgi^Wrwydu +�> W ,` � e
W

�
� f> 3 ? � �

W

5
> +57,

zkhuh d/ e/ dqg f duh jlyhq lq Wdeoh 41 Wkh ydoxhv ri u dqg � iru wkh lpsruwdqw orqjhvw0whup fdvh

� @ W@5 duh dovr wdexodwhg1 Wkh hgi irupxod +57, lv hpslulfdo/ zlwk dq revhuyhg huuru ehorz 415(

ri qxphulfdoo| frpsxwhg h{dfw ydoxhv> wkh wdexodwhg ydoxhv ri � +W@5, duh wkh h{dfw rqhv1 Dv lv

reylrxv iurp wkhlu irup/ d dqg e zhuh ghulyhg iurp wkhru|> lq sduwlfxodu/ e lv wkh olplwlqj ydoxh ri

+�@W ,hgi
�
a�2
+ +�> W ,

�
iru odujh W@� ^48`1 Wkh rqo| frh!flhqw wkdw kdg wr eh fkrvhq hpslulfdoo| zdv

f1 Wkhvh uhvxowv zhuh fkhfnhg e| vlpxodwlrqv ri Wrwydu +p>Q%> �f,/ zlwk Q% @ 4341 Wkh vlpsolflw|/

dffxudf|/ dqg udqjh ri dssolfdelolw| ri +57, duh vwulnlqj lq ylhz ri h{lvwlqj dssur{lpdwlrqv iru wkh

hgi ri a�2
+ +�> W , ^4`^48`^49`1 Dowkrxjk Wrwdo yduldqfh lv dq hvwlpdwru ri juhdwhu frpsoh{lw|/ vrph ri

lwv vwdwlvwlfdo surshuwlhv duh vlpsohu1

Ilj1 9 frpsduhv Wrwydu +�> W , wr wkh vwdqgdug xqeldvhg Doodq yduldqfh hvwlpdwru a�2
+ +�> W , lq

wzr gl�huhqw zd|v1 Wkh xsshu sorw vkrzv wkh udwlr ri wkh hgi ri wkh wzr hvwlpdwruv iru wkh wkuhh

IP qrlvhv> wkh orzhu sorw vkrzv wkh udwlr ri wkhlu urrw0phdq0vtxduh huuruv +
s
eldv2 . yduldqfh, dv

hvwlpdwruv ri �2
+ +�,1

71414 Uhpdunv

� Ehfdxvh ri wkh frqwlqxrxv0wlph dqdorj xvhg iru wkh wkhruhwlfdo fdofxodwlrqv/ +57, vkrxog eh

xvhg rqo| li � � ;�f iru zklwh IP/ 6�f iru  lfnhu IP1

� Wkh vlpsoh/ h{dfw irup +56, iru wkh phdq ri Wrwydu fdq eh lqwhusuhwhg dv d vfdolqj surshuw|

ri srzhu0odz qrlvh1 Lw wxuqv rxw wklv zd| ehfdxvh wkh vkdshv ri wkh vdpsolqj ixqfwlrqv iru

Wrwdo yduldqfh ^8` ghshqg rqo| rq � zkhq � � W@51 Iru W@5 ? � � W wkh vdpsolqj ixqfwlrq

vkdshv ghshqg dovr rq W > |hw/ lw lv qrwhzruwk| wkdw +56, shuvlvwv doo wkh zd| wr W / exw rqo|

iru zklwh IP dqg udqgrp zdon IP1

� Iru zklwh IP/ Wrwydu +�> W , lv dq xqeldvhg hvwlpdwru ri �2
+ +�, iru � � W 1 Wklv idfw dsshduhg

dv dq rxwfrph ri dojheudlf pdqlsxodwlrqv> xqiruwxqdwho|/ wkh dxwkruv fdqqrw jlyh d vlpsoh

uhdvrq zk| lw lv vr1 Wkh hgi uhvxow +57, iru zklwh IP/ wkrxjk rewdlqhg qxphulfdoo|/ vhhpv

wr eh h{dfw iru � � W@5 dqg � @ W zlwk f @ 31 Qr fdofxodwlrqv ri hgi zhuh shuiruphg iru

W@5 ? � ? W 1
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715 Frq�ghqfh lqwhuydov

Lq wkh wudglwlrq ri wlph dqg iuhtxhqf| vwdwlvwlfv/ lw lv fxvwrpdu| wr ghulyh frq�ghqfh lqwhuydov iru

iuhtxhqf| vwdelolw| rq wkh edvlv ri wkh dvvxpswlrq wkdw wkh suredelolw| glvwulexwlrq ri d iuhtxhqf|

vwdelolw| hvwlpdwru Y / zkhq vfdohg dssursuldwho|/ iroorzv wkh fkl0vtxduhg glvwulexwlrq zlwk wkh vdph

hgi dv Y ^4`1 Il{ � / dqg zulwh Y @ Wrwydu +�> W ,/ �2 @ �2
+ +�,1 Ohw u @ H +Y , @�2/ � @ hgi +Y ,/

jlyhq e| +56,�+57, lq wkh suhvhqfh ri rqh ri wkh wkuhh IP qrlvhv1 Wkhq wkh udqgrp yduldeoh

[ @
�Y

u�2
+58,

kdv wkh vdph phdq dqg hgi/ qdpho| �/ dv d "2
D yduldeoh grhv1 Suhvxph iru wkh prphqw wkdw [ kdv

d "2
D glvwulexwlrq1 Iru 3 � s� ? s2 ? 4 ohw �� dqg �2 eh wkh fruuhvsrqglqj ohyhov ri wklv glvwulexwlrq1

+D vlpsoh dssur{lpdwlrq dojrulwkp iru "2
D ohyhov fdq eh irxqg lq ^4:`1, Wkhq �� ? [ ? �2 zlwk

suredelolw| s @ s2 � s�> d uhduudqjhphqw jlyhv wkh frq�ghqfh vwdwhphqw wkdw

�Y

u�2
? �2 ?

�Y

u��
+59,

zlwk suredelolw| s1 Revhuyh wkdw wkh eldv ri Y kdv ehhq doorzhg wr sxvk wkh frq�ghqfh lqwhuydo

xszdugv +zkhq u ? 4,1

Wkh huuru eduv lq Ilj1 4/ vkliwhg krul}rqwdoo| iru ylvlelolw|/ duh <3( frq�ghqfh lqwhuydov iru

�+ +�, dv frpsxwhg e| wklv phwkrg +s� @ 3=38/ s2 @ 3=<8, xqghu wkh dvvxpswlrq ri  lfnhu IP

dqg udqgrp zdon IP qrlvh prghov1 Erwk vhwv ri huuru eduv vxjjhvw wkh k|srwkhvlv wkdw udqgrp

zdon IP lv wkh grplqdqw qrlvh w|sh iru 43Dv ? � ? 43S v/ dowkrxjk d  lfnhu IP k|srwkhvlv lv qrw

uxohg rxw1 D orqjhu whvw uxq +W @ 7=56� 43S v, ri wkh vdph sdlu ri vwdqgdugv vxssruwv wkh udqgrp

zdon k|srwkhvlv/ zlwk a�+ +�> W , lqfuhdvlqj olnh ��*21 Rq wkh rwkhu kdqg/ wkh orqjhu uxq kdv d vkdus

iuhtxhqf| vwhs ri derxw 7�433�e/ xqw|slfdo ri wkh vkruwhu uxq +Ilj1 7,/ vr wkdw wkh dxwkruv khvlwdwh

wr ghfoduh d vxffhvvixo fkdudfwhul}dwlrq1

Zh qrwh wkdw +56,�+57, kdyh qrw ehhq vkrzq wr eh dffxudwh zkhq hvwlpdwhg iuhtxhqf| guliw

lv uhpryhg/ dv zdv grqh iru Ilj1 41 Wkh dxwkruv kdyh qrw fduulhg rxw wkh uhtxluhg wkhruhwlfdo

frpsxwdwlrqv/ zklfk ghshqg rq wkh phwkrg ri guliw hvwlpdwlrq dqg duh pruh lqwulfdwh wkdq ehiruh1

Lw vhhpv fohdu/ wkrxjk/ wkdw wkh h�hfw ri guliw uhprydo rq Wrwdo yduldqfh lv ohvv wkdq lwv h�hfw rq

frqyhqwlrqdo hvwlpdwruv ri �2
+ +�,/ zklfk whqg wr eh vhyhuho| ghsuhvvhg iru � qhdu W@5 ^6`1

Wkh "2
D dvvxpswlrq iru Wrwdo yduldqfh kdv ehhq lqyhvwljdwhg/ iru � @ W@5 rqo|/ e| vlpxodwlrq ri

wkh wkuhh IP qrlvh w|shv ^8`1 Wkh hpslulfdo glvwulexwlrqv ri [ dv gh�qhg e| +58, zhuh revhuyhg wr

kdyh khdylhu ohiw wdlov wkdq wkrvh ri wkh fruuhvsrqglqj "2
D glvwulexwlrqv1 Li wklv wxuqv rxw wr eh wuxh
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lq jhqhudo/ lw phdqv wkdw wkh xsshu hqgv ri frq�ghqfh lqwhuydov +59, edvhg rq wkh "2
D glvwulexwlrq

duh shvvlplvwlf1 Iru qrz/ xvh ri wkh "2
D glvwulexwlrq iru wklv sxusrvh vhhpv wr eh d frqvhuydwlyh

srolf|1

Uhihuhqfhv

^4` G1 D1 Krzh/ G1 Z1 Doodq/ dqg M1 D1 Eduqhv/ �Surshuwlhv ri Vljqdo Vrxufhv dqg Phdvxuhphqw

Phwkrgv/� Surf1 68wk Dqqxdo V|psrvlxp rq Iuhtxhqf| Frqwuro/ ss1 4�7:/ 4<;41

^5` G1 D1 Krzh/ �Dq H{whqvlrq ri wkh Doodq Yduldqfh zlwk Lqfuhdvhg Frq�ghqfh dw Orqj Whup/�

Surf1 LHHH Lqwhuqdwlrqdo Iuhtxhqf| Frqwuro V|psrvlxp/ ss1 654�65</ 4<<81

^6` G1 D1 Krzh dqg N1 M1 Odlqvrq/ �H�hfw ri Guliw rq WRWDOGHY/� Surf1 LHHH Lqwhuqdwlrqdo

Iuhtxhqf| Frqwuro V|psrvlxp/ ss1 ;;6�;;</ 4<<91

^7` G1 D1 Krzh/ �Phwkrgv ri Lpsurylqj wkh Hvwlpdwlrq ri Orqj0whup Iuhtxhqf| Yduldqfh/� Surf1

Hxurshdq Iuhtxhqf| dqg Wlph Iruxp/ ss1 <4�<</ 4<<:1

^8` G1 D1 Krzh dqg F1 D1 Juhhqkdoo/ �Wrwdo yduldqfh= d surjuhvv uhsruw rq d qhz iuhtxhqf| vwdelolw|

fkdudfwhul}dwlrq/� Surf1 5<wk Dqq1 SWWL V|vwhpv dqg Dssolfdwlrqv Phhwlqj/ ss1 6<�7;/ 4<<:1

^9` G1 D1 Krzh/ �Flufxodu Uhsuhvhqwdwlrq ri Lq�qlwho| H{whqghg Vhtxhqfhv/� Surf1 LHHH Lqwhu0

qdwlrqdo Iuhtxhqf| Frqwuro V|psrvlxp/ ss1 66:�678/ 4<<81

^:` G1 E1 Shuflydo dqg G1 D1 Krzh/ �Wrwdo yduldqfh dv dq h{dfw dqdo|vlv ri wkh vdpsoh yduldqfh/�

Surf1 5<wk Dqq1 SWWL V|vwhpv dqg Dssolfdwlrqv Phhwlqj/ ss1 <:�438/ 4<<:1

^;` G1 E1 Shuflydo dqg K1 R1 Primhog/ �Dqdo|vlv ri vxewlgdo frdvwdo vhd ohyho  xfwxdwlrqv xvlqj

zdyhohwv/� M1 Dphulfdq Vwdwlvwlfdo Dvvrf1/ yro1 <5/ ss1 ;9;�;;3/ 4<<:1

^<` G1 E1 Shuflydo/ �Fkdudfwhul}dwlrq ri iuhtxhqf| vwdelolw|= iuhtxhqf|0grpdlq hvwlpdwlrq ri vwd0

elolw| phdvxuhv/� Surf1 LHHH/ yro1 :</ ss1 <94�<:5/ 4<<41

^43` L1 Gdxehfklhv/ Whq Ohfwxuhv rq Zdyhohwv/ Sklodghoskld= VLDP/ 4<<51

^44` G1 D1 Krzh dqg G1 E1 Shuflydo/ �Zdyhohw Yduldqfh/ Doodq Yduldqfh/ dqg Ohdndjh/� LHHH

Wudqv1 Lqvwuxp1 Phdv1/ yro1 LP077/ ss1 <7�<:/ 4<<81
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^45` F1 D1 Juhhqkdoo/ �D iuhtxhqf|0guliw hvwlpdwru dqg lwv uhprydo iurp prgl�hg Doodq yduldqfh/�

Surf1 LHHH Lqwhuqdwlrqdo Iuhtxhqf| Frqwuro V|psrvlxp/ ss1 75;�765/ 4<<:1

^46` P1 D1 Zhlvv dqg F1 Kdfnpdq/ �Frq�ghqfh rq wkh wkuhh0srlqw hvwlpdwru ri iuhtxhqf| guliw/�

Surf1 57wk Dqq1 SWWL Dssolfdwlrqv dqg Sodqqlqj Phhwlqj/ ss1 784�788/ 4<<51

^47` F1 D1 Juhhqkdoo/ �D Vwuxfwxuh Ixqfwlrq Uhsuhvhqwdwlrq Wkhruhp zlwk Dssolfdwlrqv wr Iuh0

txhqf| Vwdelolw| Hvwlpdwlrq/� LHHH Wudqv1 Lqvwuxp1 Phdv1/ yro1 LP065/ ss1 697�6:3/ 4<;61

^48` F1 D1 Juhhqkdoo/ �Uhflshv iru ghjuhhv ri iuhhgrp ri iuhtxhqf| vwdelolw| hvwlpdwruv/� LHHH

Wudqv1 Lqvwuxp1 Phdv1/ yro1 73/ ss1 <<7�<<</ 4<<41

^49` N1 \rvklpxud/ �Ghjuhhv ri iuhhgrp ri wkh hvwlpdwh ri wkh wzr0vdpsoh yduldqfh lq wkh

frqwlqxrxv0vdpsolqj phwkrg/� LHHH Wudqv1 Lqvwuxp1 Phdv1/ yro1 6;/ ss1 4377�437</ 4<;<1

^4:` P1 D1 Zhlvv dqg F1 D1 Juhhqkdoo/ �D vlpsoh dojrulwkp iru dssur{lpdwlqj frq�ghqfh rq wkh

prgl�hg Doodq yduldqfh dqg wkh wlph yduldqfh/� Surf1 5;wk Dqq1 SWWL V|vwhpv dqg Dssolfd0

wlrqv Phhwlqj/ ss1 548�557/ 4<<91
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Wdeoh 4= Frh!flhqwv iru frpsxwlqj wkh qrupdol}hg phdq u dqg hgi � ri Wrwdo yduldqfh iru IP

qrlvhv1 Wdexodwhg dovr duh wkh h{dfw txdqwlwlhv iru � @ W@51

Qrlvh d e f u +W@5, � +W@5,

ZKIP 3 625 31333 4 61333

IOIP +6 oq 5,3� 57 +oq 5,2 �32 31555 31:93 513<:

UZIP 627 4732484 3168; 82; 41847
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averaging time, s

T/2

T/2

FLFM

RWFM

Remdev

Totdev

σy

Iljxuh 4= Vljpd0wdx sorw ri a�+ +vwdqgdug hvwlpdwh ri Doodq ghyldwlrq,/ Wrwdo ghyldwlrq/ dqg Uh0

pdlqghu ghyldwlrq iru d sdlu ri k|gurjhq pdvhuv1 Wkh huuru eduv duh <3( frq�ghqfh lqwhuydov iru

Doodq ghyldwlrq edvhg xsrq Wrwdo ghyldwlrq1
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Iljxuh 5= Suredelolw| ghqvlw| ixqfwlrq ri wkh orjdulwkp +edvh 43, ri wkh qrupdol}hg vwdqgdug hvwl0

pdwru a�+ +W@5> W ,/ zkrvh vtxduh kdv rqh ghjuhh ri iuhhgrp1

T/8

T/4

3T/8

T/2

0
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3T/4

7T/8

shift

0 T

Iljxuh 6= Looxvwudwlqj wkh �uvw frqfhsw ri Wrwdo yduldqfh= f|folf vkliwv ri wkh iuhtxhqf| vdpsolqj

ixqfwlrq +xsshuprvw sorw, iru a�2
+ +W@5> W ,1

4:
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Iljxuh 7= H{whqvlrq e| uh hfwlrq ri wlph dqg qrupdol}hg iuhtxhqf| uhvlgxdov iru frpsxwdwlrq ri

Wrwdo yduldqfh1 Wkh ruljlqdo gdwd duh ehwzhhq wkh grwwhg olqhv1

G0 G1
Gj

H0 H1 Hj

y

w0 w1
wj

v0 v1
vj

vj  1-

Iljxuh 8= Pxowluhvroxwlrq vfkhph wkdw ohdgv wr yduldqfh ghfrpsrvlwlrqv e| Doodq yduldqfh dqg Wrwdo

yduldqfh1
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Iljxuh 9= Udwlrv ri htxlydohqw ghjuhhv ri iuhhgrp dqg urrw0phdq0vtxduh huuru iru Wrwdo yduldqfh

ryhu wkh vwdqgdug hvwlpdwru ri Doodq yduldqfh1
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